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INTRODUCTION:
THE NUMBER THAT
CONNECTS MATH,
NATURE, AND
BEAUTY

Mathematics  is  often
seen  as  a  cold,  rigid
discipline—a  world  of
formulas,  equations,
a n d  a b s t r a c t
reasoning.  Yet  within
this  world  exists  a
number so elegant, so
pervas ive,  and  so
aesthetically  pleasing
that  it  has  captivated
m a t h e m a t i c i a n s ,
artists,  architects,  and
n a t u r a l i s t s  f o r
millennia. This number
is  the  golden  ratio,  a

mathematical  constant
that  appears  in  the
spiral  of  a  nautilus
shell,  the  proportions
of  the  Parthenon,  the
c o m p o s i t i o n  o f
Leonardo  da  Vinci's
Vitruvian  Man ,  and
even the branching of
trees. But what is the
golden ratio in math
exactly, and why does
it  hold  such  enduring
fascination?
At  its  simplest,  the
go lden  rat io  i s  an
i r rat ional  number
approximately equal to
1.6180339887.  It  is
often  denoted  by  the
Greek  letter  phi  (φ).
But  reducing  it  to  a
decimal  misses  the
deeper  s tory .  The
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golden  ratio  arises
f r o m  a  s i m p l e
geometric relationship:
two quantities are said
to  be  in  the  golden
ratio if their ratio is the
same  as  the  ratio  of
their sum to the larger
of  the  two  quantities.
This  self-referential
property  makes  phi
u n i q u e  a m o n g
numbers and gives it a
special  place  in  both
pu re  and  app l i ed
mathematics.  In  this
article, we will explore
the  definition,  history,
m a t h e m a t i c a l
properties,  geometric
manifestations, natural
occur rences ,  and
artistic  applications  of
the  go lden  ra t i o ,
answering the question
"what  is  the  golden
ratio in math" in a way
that  is  both  rigorous
and accessible.

DEFINING THE

GOLDEN RATIO: A
SIMPLE BUT
PROFOUND
RELATIONSHIP

To understand what is
the  golden  ratio  in
math,  we  must  start
w i t h  i t s  f o r m a l
definition.  Suppose  we
have  a  line  segment
divided into two parts:
a longer part a  and a
shorter  part  b .  The
entire  segment  has
l eng th  a  +  b .  The
golden  ratio  occurs
when the  ratio  of  the
whole segment to  the
longer part equals the
ratio of the longer part
to the shorter part.  In
algebraic terms:
(a + b) / a = a / b = φ
If we set b = 1, then a
= φ, and the equation
becomes (φ + 1) / φ =
φ / 1. Multiplying both
sides by φ gives φ + 1
= φ², which rearranges
t o  t h e  q u a d r a t i c
equation φ² - φ - 1 = 0.
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Solving this yields φ =
(1 + √5) / 2, which is
a p p r o x i m a t e l y
1.6180339887.  The
n e g a t i v e  r o o t  i s
discarded  because  we
a r e  d e a l i n g  w i t h
positive  lengths.
This  definition  might
seem  abstract,  but  it
captures  something
e s s e n t i a l :  s e l f -
similarity.  The  golden
r a t i o  i s  t h e  o n l y
number  that  satisfies
the  property  that  its
square  is  exactly  one
more  than  itself.  This
recursive  quality  is
what  makes  phi  so
special. It is a number
that  relates  parts  to
t h e  w h o l e  i n  a
harmonious  way,  and
this harmony has been
recognized  across
c u l t u r e s  a n d
disciplines.

A RICH HISTORY:
FROM EUCLID TO

THE RENAISSANCE

The  h is tory  of  the
golden ratio is as rich
as  the  number  itself.
While  the  concept  is
often  associated  with
a n c i e n t  G r e e k
mathematicians,  the
earliest  known written
description  appears  in
Eucl id 's  Elements
around 300 BCE. Euclid
r e f e r r e d  t o  i t  a s
"d iv id ing  a  l ine  in
extreme  and  mean
ratio," and he used it in
the  construction  of
regular pentagons and
dodecahedrons.  For
Euclid, the golden ratio
was  a  geometric  tool,
not a mystical symbol.
The term "golden ratio"
d id  not  come  in to
common use until  the
19th  century.  Earlier
names  included  the
"divine  proportion"  (a
t e r m  u s e d  b y  t h e
Italian  mathematician
Luca Pacioli in his 1509
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b o o k  D e  D i v i n a
Proport ione ,  w i th
i l l u s t r a t i o n s  b y
Leonardo da Vinci) and
the  "golden  section."
P a c i o l i ' s  w o r k
e m p h a s i z e d  t h e
aesthetic  and  almost
mystical  properties  of
the  ratio,  aligning  it
with  divine  perfection.
D u r i n g  t h e
Renaissance,  artists
a n d  a r c h i t e c t s
consciously  employed
the golden ratio in their
compositions, believing
that it created a sense
of balance and beauty.
In  the  19th  and  20th
centuries,  the  golden
ratio became a subject
of  intense  study  and
popularization.  The
German  psychologist
Adolf Zeising proposed
that  the  golden  ratio
was a universal law of
nature and art, and he
f o u n d  i t  i n  t h e
proport ions  of  the
h u m a n  b o d y ,  t h e

branching  of  plants,
and  the  structure  of
musical  harmonies.
More  recently,  the
golden ratio  has been
explored in the context
of  f racta ls ,  chaos
theo ry ,  and  even
financial  markets.
While  some  of  these
c la ims  have  been
overstated,  the  core
m a t h e m a t i c a l
significance  of  phi
remains  unquestioned.

MATHEMATICAL
PROPERTIES OF
THE GOLDEN
RATIO

Beyond  its  definition,
t h e  g o l d e n  r a t i o
p o s s e s s e s  a
remarkable  set  o f
m a t h e m a t i c a l
properties that make it
a  f avo r i t e  among
number  theorists  and
r e c r e a t i o n a l
m a t h e m a t i c i a n s .
Understanding  these
p r o p e r t i e s  h e l p s
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answer  the  question
"what  is  the  golden
rat io  in  math"  at  a
deeper level.

The
Fibonacci
Connectio
n
Perhaps  the  most
famous  relationship
involving  the  golden
ratio  is  its  connection
t o  t h e  F i b o n a c c i
s e q u e n c e .  T h e
Fibonacci  sequence
begins  with  0  and  1,
and  each  subsequent
term is the sum of the
two previous terms: 0,
1, 1, 2, 3, 5, 8, 13, 21,
34, 55, 89, and so on.
If you take the ratio of
consecutive  Fibonacci
numbers,  the  result
approaches  φ  as  the
numbers  get  larger.

For  example,  55/34 ≈
1 . 6 1 7 6 ,  8 9 / 5 5  ≈
1.6182, and 144/89 ≈
1.6180.  The  limit  of
these ratios is  exactly
φ.
This property is not just
a numerical curiosity. It
shows that the golden
ratio emerges naturally
from a simple recursive
process ,  one  that
appears  throughout
nature  in  the  growth
patterns  of  plants,
s h e l l s ,  a n d  e v e n
galaxies. The Fibonacci
sequence itself can be
seen  as  the  discrete
c o u s i n  o f  t h e
continuous  golden
ratio.

Continue
d Fraction
Represen
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tation
The  golden  ratio  also
has a uniquely elegant
representation  as  a
continued  fraction.  A
continued fraction is an
expression of the form:
φ = 1 + 1 / (1 + 1 / (1
+ 1 / (1 + ...)))
This  infinite  fraction
consists entirely of 1s,
m a k i n g  p h i  t h e
simplest  and  most
regular of all continued
fractions. This property
is  directly  related  to
t h e  f a c t  t h a t  φ  i s
irrational  and,  in  a
precise  sense,  the
"most  i r ra t iona l "
n u m b e r .  I t  i s  t h e
number that is hardest
to  approximate  by
rational  fractions,
which has implications
in  dynamical  systems
and chaos theory.

Powers of
Phi
The powers of φ follow
a  cur ious  pattern.
Because  φ  satisfies  φ²
= φ + 1, we can derive
that φ³ = φ * φ² = φ(φ
+ 1) = φ² + φ = (φ + 1)
+  φ  =  2 φ  +  1 .
Similarly, φ⁴ = 3φ + 2,
and φ⁵ = 5φ + 3. The
coefficients  in  these
e x p r e s s i o n s  a r e
precisely  consecutive
Fibonacci  numbers.
This interplay between
φ  and  the  Fibonacci
sequence is one of the
most  beautiful  results
in  elementary  number
theory.

THE GOLDEN
RATIO IN
GEOMETRY

Geometry  provides  a
visual and intuitive way
to grasp what is the
golden ratio in math.
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T h e  g o l d e n  r a t i o
appears  in  several
classical  geometric
figures,  and  its
presence often signals
a  s p e c i a l  k i n d  o f
h a r m o n y  a n d
proportion.

The
Golden
Rectangle
A golden rectangle is a
rectangle  whose  side
lengths  are  in  the
g o l d e n  r a t i o ,
approximately 1.618:1.
If you remove a square
f rom  one  end  o f  a
golden  rectangle,  the
remaining  smaller
rectangle  is  also  a
golden  rectangle.  This
p r o p e r t y  o f  s e l f -
s im i l a r i t y  can  be
repeated  indefinitely,
generating a spiral-like
pattern.  The  golden

rectangle  is  of ten
considered  the  most
v i sua l l y  p leas ing
rectangle shape, and it
has  been  used  in  art
a n d  d e s i g n  f o r
centuries.

The
Golden
Triangle
An  isosceles  triangle
where the ratio of the
leg to the base is φ is
c a l l e d  a  g o l d e n
triangle. There are two
t y p e s :  t h e  a c u t e
golden  triangle  has
angles of 36°, 72°, and
72°,  while  the  obtuse
golden  triangle  has
angles  of  108°,  36°,
a n d  3 6 ° .  T h e s e
triangles  appear  in
p e n t a g o n s  a n d
pentagrams,  and  they
are fundamental to the
construction of regular
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star polygons.

The
Regular
Pentagon
and
Pentagra
m
The  regular  pentagon
is intimately connected
to the golden ratio. The
ratio of a diagonal to a
s i d e  i n  a  r e g u l a r
pentagon is exactly φ.
The  pentagram,  a  five-
pointed star formed by
connecting the vertices
of a pentagon, contains
golden ratios at  every
turn.  The  intersection
p o i n t s  o f  t h e
pentagram's  l ines
divide each line in the
golden ratio, creating a

fractal-like  pattern  of
self-similarity.  This
geometric  richness  is
why  the  pentagram
has been a symbol of
mystery and proportion
throughout history.

The
Golden
Spiral
If you inscribe quarter-
circles  in  the  squares
of  a golden rectangle,
y o u  o b t a i n  a
logar i thmic  spira l
known  as  the  golden
spi ra l .  Th is  sp i ra l
expands outward by a
factor of φ with every
quarter - turn.  The
golden  spiral  is  often
c o m p a r e d  t o  t h e
s p i r a l s  f o u n d  i n
n a u t i l u s  s h e l l s ,
hurricanes,  and  even
spiral galaxies, though
the  exact  relationship
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is  sometimes  more
metaphorical  than
mathematical.

THE GOLDEN
RATIO IN NATURE

O n e  o f  t h e  m o s t
compelling  reasons  to
study the golden ratio
is its apparent ubiquity
in  the  natural  world.
While  some  claims
about phi in nature are
exaggerated or simply
incorrect,  there  are
genuine  and  wel l -
documented  instances
where the golden ratio
or  the  closely  related
Fibonacci  sequence
g o v e r n s  g r o w t h
patterns.

Phyllotaxi
s: Leaf
Arrangem

ent in
Plants
Phyllotaxis is the study
of the arrangement of
leaves,  seeds,  and
other  plant  parts.  In
many  p l an t s ,  t he
number  of  spirals  in
one  direction  and  the
number in the opposite
d i r e c t i o n  a r e
consecutive  Fibonacci
numbers.  Sunflower
seed heads, pinecones,
and  pineapples  al l
exhibit  this  pattern.
The  angle  between
successive  leaves  or
seeds is often close to
the  go lden  ang le ,
which is approximately
137.5  degrees.  This
ang le  ar i ses  f rom
dividing  a  full  circle
(360  degrees)  by  φ².
By  using  the  golden
angle, plants maximize
exposure  to  sunlight
and  op t im i ze  t he
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packing  of  seeds.

Shells
and
Spiral
Growth
The  nautilus  shell  is
o f ten  c i ted  as  the
classic  example  of  a
golden spiral. While the
nautilus  shell  does
grow  in  a  logarithmic
spiral,  the  exact  ratio
o f  s u c c e s s i v e
chambers is not always
e x a c t l y  φ .
Nevertheless,  the
sp i ra l  f o rm  i t se l f
follows  a  self-similar
p a t t e r n  t h a t  i s
mathematically related
to  the  golden  ratio.
Other  mollusks,  such
as  the  chambered
nautilus,  also  exhibit
logarithmic spirals that
a p p r o x i m a t e  t h e

golden  spiral.

Human
Body
Proportio
ns
The  human  body  has
b e e n  s t u d i e d
extensively  for  golden
ratio  proportions.  The
ratio of the height of a
person to the height of
their  navel  is  often
close to φ, though this
varies  widely  among
individuals. The ratio of
t h e  l e n g t h  o f  t h e
forearm to the hand, or
the length of the lower
leg to the foot, are also
sometimes  cited  as
golden  ratios.  While
these observations are
i n t r i g u i n g ,  i t  i s
important to note that
they  are  statistical
averages  rather  than
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universal  laws.  The
g o l d e n  r a t i o  i s  a
tendency, not a rule, in
human anatomy.
Nevertheless,  the idea
that  the  human  body
embodies  the  golden
r a t i o  h a s  h a d  a
profound  influence  on
art and sculpture, from
ancient  Greek  statues
t o  R e n a i s s a n c e
masterpieces.

THE GOLDEN
RATIO IN ART AND
ARCHITECTURE

Artists  and  architects
have  consciously  and
u n c o n s c i o u s l y
employed  the  golden
r a t i o  t o  c r e a t e
compositions  that  feel
b a l a n c e d  a n d
h a r m o n i o u s .  T h e
enduring appeal of the
golden  rat io  in  art
reinforces the idea that
mathemat i cs  and
beauty  are  deeply
connected.

Ancient
Architect
ure
T h e  m o s t  f a m o u s
architectural  example
of  the  golden  ratio  is
t h e  P a r t h e n o n  i n
Athens, built in the 5th
century BCE. The ratio
of  the  width  of  the
building to its height is
approximately  φ,  and
the same ratio appears
in  the  spacing  of  the
c o l u m n s  a n d  t h e
proport ions  of  the
pediment.  While  some
s c h o l a r s  d e b a t e
whether the Parthenon
was  in tent iona l ly
des igned  with  the
golden  ratio  in  mind,
the visual  harmony of
t h e  s t r u c t u r e  i s
undeniable.
The  Great  Pyramid  of
Giza  a lso  exhib i ts



12

12 What Is The Golden Ratio In Math2024-02-09

proportions  that  are
close  to  the  golden
ratio.  The ratio  of  the
slant  height  of  the
pyramid to half its base
length is approximately
φ. Again,  whether this
was  intentional  or  a
b y p r o d u c t  o f  t h e
construction  methods
is a matter of debate,
but  the  numer ica l
coincidence is striking.

Renaissa
nce and

Modern
Art
Leonardo  da  Vinci  is
perhaps the artist most
closely associated with
the  golden  ratio.  His
f a m o u s  d r a w i n g
V i t r u v i a n  M a n  i s
explicitly based on the
proport ions  of  the
h u m a n  b o d y  a s
d e s c r i b e d  b y  t h e
R o m a n  a r c h i t e c t
Vitruvius,  and  these
proportions


