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UNLOCKING THE BUILDING
BLOCKS OF NUMBERS: A DEEP
DIVE INTO THE PROPERTIES OF
OPERATIONS IN MATH

Mathematics is often viewed as a rigid
set  of  rules,  but  at  its  heart,  it  is  a
language of patterns and relationships.
Before you can solve complex equations
or  understand  advanced  calculus,  you
must  first  grasp  the  fundamental  rules
that  govern  how  numbers  interact.

These rules are known as the properties
of  operations  in  math.  They  are  not
arb i t ra ry ;  they  are  the  log ica l
foundations  that  ensure  our  number
system  is  consistent,  predictable,  and
useful in everyday life. Whether you are
balancing  a  checkbook,  adjusting  a
recipe, or programming a computer, you
are relying on these core mathematical
truths.  This  article  will  explore  these
properties in depth, showing you not just
what they are, but why they matter.
Understanding  these  properties  is  like
l e a r n i n g  t h e  g r a m m a r  o f  t h e
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mathematical  language.  Just  as
grammar  allows  us  to  form  coherent
sentences, the properties of operations
allow  us  to  manipulate  numbers  with
confidence. They provide the justification
for why we can rearrange numbers in a
sum,  group  factors  differently  in  a
product, or distribute a multiplier across
a sum. By internalizing these concepts,
you move from simply performing rote
calculations  to  truly  understanding the
structure of mathematics.

What are
Properties of

Operations?
In  simple  terms,  a  property  of  an
operation is a statement that is always
true  for  that  operation  within  a  given
number  system.  These  properties
describe  how  numbers  behave  under
o p e r a t i o n s  l i k e  a d d i t i o n  a n d
multiplication.  They  are  the  "why"
behind  the  "how."  While  we  often
memorize  algorithms  for  performing
calculations, the properties of operations
explain why those algorithms work. They
allow us to think flexibly about numbers,
making mental math faster and problem-
solving more intuitive.
While  there  are  many  properties,  the
most  foundational  ones  are  typically
taught in elementary and middle school
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mathematics.  These  include  the
Commutative  Property,  the  Associative
Property,  the Distributive Property,  the
Identity  Property,  and  the  Inverse
Property. Each of these applies primarily
to addition and multiplication, though we
will  also  touch  on  how they  relate  to
subtraction and division.

THE BIG FOUR: CORE
PROPERTIES OF OPERATIONS IN
MATH

Let's  break  down  the  most  essential
properties one by one. For each, we will
look  at  the  formal  definition,  examples
with numbers, and a real-world analogy
to help solidify the concept.

1. The
Commutative
Property: The
Order Doesn't
Matter
The word "commutative" comes from the
word "commute," which means to travel
back  and  forth.  In  mathematics,  the
Commutative  Property  states  that  the
order  of  the  numbers  in  an  operation
does  not  change  the  result.  However,
this  property  does  not  apply  to  all
operations.
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Commutative Property of
Addition: For any two numbers a
and b, a + b = b + a.
Commutative Property of
Multiplication: For any two
numbers a and b, a × b = b × a.

Examples:

Addition: 7 + 5 = 12 and 5 + 7 =
12.
Multiplication: 4 × 6 = 24 and 6 ×
4 = 24.

Real-World Connection:  Imagine you
are putting on socks and shoes. Does the
order matter? If you put on your socks
first and then your shoes, you are ready
to go. If you try to put on your shoes first
and  then  your  socks,  it  doesn't  work
well.  This  shows  that  the  "dressing

operation" is not commutative. However,
if you are adding money to a piggy bank,
it  doesn't  matter  if  you add a quarter
first and then a dime, or a dime first and
then a quarter. You will always have the
same total amount.
Why  it  matters:  The  Commutative
Property  is  the  foundation  for  mental
math  strategies.  Knowing  you  can
reorder  numbers  allows  you  to  "make
tens" or combine friendly numbers. For
example, when adding 8 + 5 + 2, you
can mentally rearrange it to 8 + 2 + 5 =
10 + 5 = 15. This property also makes it
easy  to  check  your  work;  if  you  are
unsure about a multiplication fact like 7
× 8, you can think of the easier fact 8 ×
7.
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2. The
Associative
Property: The
Grouping Doesn't
Matter
The word "associative" comes from the
word "associate," meaning to group or
connect.  The  Associative  Property
focuses  on  how numbers  are  grouped
using parentheses when performing an
operation on three or more numbers. It
states  that  the  way  you  group  the
numbers  does  not  change  the  result.

Again,  this  applies  to  addition  and
multiplication, but not to subtraction or
division.

Associative Property of
Addition: For any three numbers
a, b, and c, (a + b) + c = a + (b
+ c).
Associative Property of
Multiplication: For any three
numbers a, b, and c, (a × b) × c
= a × (b × c).

Examples:

Addition: (3 + 5) + 7 = 8 + 7 = 15.
And 3 + (5 + 7) = 3 + 12 = 15.
Multiplication: (2 × 4) × 5 = 8 × 5
= 40. And 2 × (4 × 5) = 2 × 20 =
40.

Real-World  Connection:  Consider  a



6

6 Properties Of Operations In Math 2024-09-07

team working on a project. The overall
work  is  the same whether  two people
work together first and then a third joins,
or the second and third work together
first  and the first  person joins later.  The
"grouping" of the work doesn't  change
the final output. In a grocery store, if you
are buying three items, it doesn't matter
if  the  cashier  rings  up  the  first  two  and
then the third, or the last two and then
the first. The total is the same.
Why  it  matters:  The  Associative
Property allows us to simplify complex
calculations. When multiplying 5 × 7 ×
2, you can group it as 5 × 2 = 10, then
10 × 7 = 70. This is often faster than
doing 5 × 7 = 35, then 35 × 2 = 70. It
gives  us  the  flexibility  to  choose  the
easiest  path  to  the  answer.

3. The
Distributive
Property: The
Bridge Between
Addition and
Multiplication
The  Distributive  Property  is  unique
because  it  combines  addition  and
mult ipl ication.  I t  describes  how
multiplication "distributes" over addition
(and subtraction).  This  is  arguably  the
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most powerful property in algebra.

Distributive Property of
Multiplication over Addition:
For any three numbers a, b, and c,
a × (b + c) = (a × b) + (a × c).
Distributive Property of
Multiplication over
Subtraction: a × (b - c) = (a ×
b) - (a × c).

Examples:

4 × (3 + 2) = 4 × 5 = 20. And (4 ×
3) + (4 × 2) = 12 + 8 = 20.
6 × (10 - 1) = 6 × 9 = 54. And (6
× 10) - (6 × 1) = 60 - 6 = 54.

Real-World Connection:  Imagine you
are  buying  3  tickets  to  a  movie,  and
each ticket costs $8. You also want to
buy 3 bags of popcorn, each costing $5.

Instead of calculating the total as (3 ×
$8) + (3 × $5) = $24 + $15 = $39, you
can use the distributive property:  3  ×
($8 + $5) = 3 × $13 = $39. You are
distributing the 3 across the sum of the
ticket and popcorn prices.
Why  it  matters:  The  Distributive
Property  is  essential  for  mental  math
and  algebra.  You  might  use  it  to
calculate 7 × 23 in your head: 7 × (20 +
3) = (7 × 20) + (7 × 3) = 140 + 21 =
161.  In  a lgebra,  i t  i s  the  key  to
expanding expressions like 2(x + 5) and
factoring  expressions  like  6x  + 9  into
3(2x  +  3).  Without  the  Distributive
Property,  solving  equations  would  be
much more difficult.
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4. The Identity
Property: The
"Do Nothing"

Element
The Identity Property refers to a special
number  called  the  "identity  element."
When  you  operate  with  the  identity
element, the original number stays the
same.  Each  operation  has  its  own
identity  element.

Identity Property of Addition:
For any number a, a + 0 = a. Zero
is the additive identity.
Identity Property of

Multiplication: For any number a,
a × 1 = a. One is the
multiplicative identity.

Examples:

Addition: 17 + 0 = 17. -5 + 0 = -5.
Multiplication: 23 × 1 = 23. 0.8 ×
1 = 0.8.

Real-World  Connection:  Adding  zero
to  your  bank  account  doesn't  change
your balance. Multiplying a recipe by 1
doesn't  change  the  quantities.  The
identity elements are the neutral points
in our number system.
Why it matters: The Identity Property
seems  obvious,  but  it  is  a  powerful
concept.  It  allows  us  to  add  zero  or
m u l t i p l y  b y  o n e  i n  a l g e b r a i c
manipulations  without  changing  the
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value  of  an  expression.  This  is  used
extensively  when  simplifying  fractions,
completing  the  square,  and  solving
equations. For example, to write 5 as a
fraction, we multiply by 1 in the form of
5/5, giving us 5/1. Okay, that's division,
but  the  concept  is  the  same:  we  are
using  the  identity  to  change the  form
without changing the value.

5. The Inverse
Property: The
"Undo" Button
The  Inverse  Property  states  that  for
every number, there is an inverse that,
when  combined  with  the  original

number, yields the identity element. This
is the foundation for solving equations.

Inverse Property of Addition:
For any number a, there exists a
number -a such that a + (-a) = 0.
-a is the additive inverse (or
opposite) of a.
Inverse Property of
Multiplication: For any non-zero
number a, there exists a number
1/a such that a × (1/a) = 1. 1/a is
the multiplicative inverse (or
reciprocal) of a.

Examples:

Addition: 8 + (-8) = 0. -12 + 12 =
0.
Multiplication: 4 × (1/4) = 1. (2/3)
× (3/2) = 1.
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Real-World  Connection:  Think  of
walking 10 steps forward. The additive
inverse  is  walking  10  steps  backward,

which  brings  you  back  to  where  you
started. Think of doubling a recipe. The
multiplicative inverse is halving it, which
brings you


