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INTRODUCTION: THE BUILDING BLOCKS OF CONTINUOUS MATHEMATICS
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When you begin exploring higher mathematics, you quickly encounter a concept that is both simple and profoundly powerful: the interval. But what is
intervals in math, exactly? At its core, an interval is a set of real numbers that includes all numbers between two endpoints. Think of it as a
continuous segment on the number line, a way to describe a range of values without having to list each individual number. Intervals are fundamental
to calculus, algebra, analysis, and virtually every field that deals with continuous quantities. They allow mathematicians and scientists to talk about
ranges of temperatures, time periods, solution sets for inequalities, and domains of functions with precision and clarity.

The beauty of intervals lies in their ability to capture the idea of continuity. Unlike discrete sets, which list individual points, an interval encompasses
every real number that lies between its boundaries. This makes intervals indispensable for modeling real-world phenomena where change is gradual
and values flow seamlessly from one to another. Whether you are studying the rate of change in physics, the convergence of series in calculus, or
simply solving an inequality in algebra, understanding what intervals in math are will give you a powerful tool for expressing and solving problems.

DEFINING INTERVALS: THE FUNDAMENTAL IDEA

To answer the question "what is intervals in math," we must start with a precise definition. An interval is a subset of the real numbers that contains
every real number between any two of its elements. In simpler terms, if you pick any two numbers within an interval, all the numbers that lie between
them are also part of that interval. This property is called convexity or interval property. For example, the set of all numbers between 2 and 5,
including 2 and 5 themselves, is an interval. Similarly, the set of all numbers greater than 3 is also an interval, even though it extends infinitely.

Intervals are typically represented using interval notation, a concise way of writing these sets. Square brackets [ ] indicate that the endpoint is
included in the set (closed), while parentheses ( ) indicate that the endpoint is excluded (open). For example, [2, 5] includes 2, 5, and every number
between them. The notation (2, 5) includes all numbers between 2 and 5, but not 2 or 5 themselves. This notation is universally recognized in
mathematics and provides an unambiguous way to describe continuous ranges.

Why Intervals Matter

Intervals are more than just a notational convenience; they are essential for expressing the solutions to inequalities. When you solve an inequality like
x - 3 > 0, the solution is x > 3, which is the interval (3, ). Without intervals, you would have to describe this solution in words or with cumbersome
set notation. Intervals also play a critical role in defining the domain and range of functions. For instance, the function f(x) = v(x - 1) is only defined
when the expression under the square root is non-negative, which gives the domain [1, »). This concise representation is invaluable when analyzing
functions.

TYPES OF INTERVALS: A DETAILED CLASSIFICATION

When exploring what is intervals in math, it is crucial to understand the different types that exist. Each type serves a specific purpose and is used in
different contexts. The classification is based on whether the endpoints are included or excluded, and whether the interval extends to infinity.

Closed Intervals

A closed interval includes both its endpoints. In interval notation, this is written with square brackets: [a, b]. This means that the set contains all real
numbers x such that a = x = b. Closed intervals are used when the boundaries themselves are part of the set under consideration. For example, if
you are measuring the temperature of a liquid between 0°C and 100°C inclusive, you would use the closed interval [0, 100]. The notation explicitly
states that both 0 and 100 are valid temperatures.

Open Intervals

An open interval excludes both endpoints. It is written with parentheses: (a, b). This represents all real numbers x such that a < x < b. Open
intervals are common in calculus when discussing limits or continuity at a point. For instance, a function might be continuous on the open interval (0,
1) but not at the endpoints themselves. The open interval is also the standard way to represent strict inequalities.

Half-Open (or Half-Closed) Intervals

As the name suggests, a half-open interval includes one endpoint but not the other. There are two possibilities:

¢ [a, b) includes a but excludes b. This is the set of all x such thata = x < b.
¢ (a, b] excludes a but includes b. This is the set of all x such thata < x = b.

Half-open intervals are frequently encountered in real-world applications. For example, if a parking lot charges for the first hour and then by the
minute, the time interval for the first hour might be [0, 1) — including exactly 0 hours but excluding 1 hour (since at exactly 1 hour, a new rate might
apply). They also appear in probability and statistics when defining cumulative distribution functions.

Infinite Intervals

Not all intervals have finite endpoints. Some extend indefinitely in one or both directions. These are called infinite intervals and use the infinity
symbol « (or -»). Since infinity is not a real number, it is always paired with a parenthesis, never a bracket. Common examples include:

e (@, »): all numbers greater than a; that is, x > a.

e [a, »): all numbers greater than or equal to a; that is, x = a.
e (-, b): all numbers less than b; that is, x < b.

e (-0, b]: all numbers less than or equal to b; that is, x = b.

¢ (-, ): the set of all real numbers, also written as R.

Infinite intervals are essential for describing domains of functions like f(x) = 1/x, which has the domain (-, 0) u (0, «) (notice the union of two
intervals, which we will discuss shortly). They are also used to represent unbounded ranges and asymptotic behavior.

INTERVAL NOTATION: A UNIVERSAL LANGUAGE

One of the most practical aspects of learning what is intervals in math is mastering interval notation. This system provides a compact, standardized
way to write intervals. Instead of writing "all real numbers from 2 to 5, including 2 but not 5," you simply write [2, 5). This brevity is especially
valuable when dealing with complex inequalities or multiple intervals.

Interval notation always lists the smaller number (the lower bound) first, followed by the larger number (the upper bound). The left symbol indicates
whether the lower bound is included ([) or excluded ((). The right symbol indicates the same for the upper bound. For infinite bounds, always use
parentheses: (-», 4] is correct; [-», 4] is not, because infinity is not a number that can be included.

Here is a quick reference table for common intervals:

e [a, b]: closed interval, includes a and b.
e (a, b): open interval, excludes a and b.
 [a, b): half-open, includes a, excludes b.
 (a, b]: half-open, excludes a, includes b.
e [a, »): closed at a, unbounded above.

e (-, b): unbounded below, open at b.

e (-, ): all real numbers.

OPERATIONS ON INTERVALS: UNION AND INTERSECTION

Once you understand what intervals in math are, the next logical step is learning how to combine them. Two fundamental operations are union and
intersection. These operations allow you to work with more complex sets that may consist of multiple intervals.

Union of Intervals

The union of two intervals is the set of all numbers that belong to at least one of the intervals. The symbol for union is u. For example, the solution to
the inequality |x| > 2 is x < -2 or x > 2, which is written as (-», -2) U (2, »). The union combines two separate intervals into one set. Union is
particularly useful when a function has multiple disconnected domains or when an inequality has disjoint solution sets.
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Intersection of Intervals

The intersection of two intervals is the set of numbers that belong to both intervals simultaneously. The symbol for intersection is n. For example, the
intersection of [1, 5] and [3, 7] is [3, 5], because this is the region where the two intervals overlap. Intersection is used to find common solutions to
systems of inequalities or to determine where two conditions are simultaneously true.

In some cases, the intersection of two intervals may be empty, meaning they have no numbers in common. For instance, (0, 2) n (5, 7) = 9, the
empty set. This is perfectly valid and often arises in problems with conflicting constraints.

VISUALIZING INTERVALS ON THE NUMBER LINE

A powerful way to understand what is intervals in math is to visualize them on a number line. Drawing intervals helps clarify whether endpoints are

included or excluded and makes union and intersection operations intuitive. On a number line, a closed endpoint is typically drawn with a solid dot @,
while an open endpoint is drawn with an open circle O. A thick line or shading indicates all the numbers that belong to the interval.

For example, to represent [2, 5) on a number line, you would put a solid dot at 2, an open circle at 5, and shade the line between them. This visual
representation is especially helpful when combining intervals. If you take the union of (1, 3] and [4, 6), you would shade both regions, leaving a gap
between 3 and 4. If you take the intersection of [0, 4] and (2, 6), you would shade only the overlapping region (2, 4] (including 4 but not 2).

APPLICATIONS OF INTERVALS IN MATHEMATICS

Intervals are not just abstract concepts; they are actively used across many branches of mathematics. Understanding what intervals in math are
opens the door to more advanced topics.
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