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UNDERSTANDING
WEAK
CONVERGENCE
AND EMPIRICAL
PROCESSES

In the realm of
probability theory and
statistics, few concepts

are as
foundational—yet as
subtle—as weak

convergence and
empirical processes.
Whether you are a
graduate student
delving into asymptotic
statistics, a data
scientist working with

large samples, or a
researcher in
stochastic processes,
grasping these ideas is
essential for making
rigorous inferences
from data. This article
unpacks the theory of
weak convergence,
connects it to the
behavior of empirical
processes, and
explores its practical
implications in modern
statistical analysis.

At its heart, weak
convergence—also
known as

convergence in
distribution—describe
s how a sequence of
probability
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distributions

approaches a limiting
distribution. When we
apply this concept to
empirical processes,
we obtain powerful
tools for understanding
the asymptotic
behavior of estimators,
goodness-of-fit  tests,
and bootstrapping
methods. The marriage
of weak convergence

with empirical
processes forms the
bedrock of
nonparametric
statistics and
functional data
analysis.

What Is
Weak
Converge

for probability
measures. Formally, a
sequence of random
variables X, converges
weakly to X (denoted
X, = X) if the
cumulative distribution
functions F.(x)
converge to F(x) at
every point x where F
is continuous. This
definition may seem
straightforward, but its
implications are far-
reaching.

* Weak
convergence is
weaker than
almost sure
convergence or
convergence in
probability. It
only concerns
the limiting
distribution, not
the actual path
behavior of the

n C e ? random
' variables.
Weak convergence is a * Ith's centrall to
type of convergence the centra
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limit theorem
(CLT). The CLT
states that the
normalized
sample mean
converges
weakly to a
normal
distribution.

* It extends
naturally to
stochastic
processes. For
empirical
processes, we
consider
convergence in
the space of
cadlag functions
(right-continuous
with left limits)
equipped with
the Skorokhod
topology or the
uniform
topology.

The classic example of
weak convergence is
the convergence of the
binomial distribution to
the Poisson distribution
for rare events, or to

the normal distribution
under the CLT. These
results rely on the
notion that the shape
of the distribution
stabilizes as the
sample size grows.

Empirical
Processes
: A Bridge
Between

Data and

Theory

An empirical process is
a stochastic process
constructed from a
random sample. Given
independent and
identically distributed
(i.i.d.) observations X;,
., X, from a
distribution P, the
empirical distribution



function F,(t) is defined
as the proportion of
observations < t. The
empirical process
indexed by a set of
functions F is:

G,(f) = vn (P,f - Pf)

where P,f is the sample
average of f(X,) and Pf
is the true expectation.
The scaling by vn
ensures that the
process has a non-
degenerate limit.

The study of weak
convergence and
empirical processes
investigates when G,
converges to a
Gaussian process,
typically a Brownian
bridge. This
convergence underpins
many  statistical
procedures, including
the
Kolmogorov-Smirnov
test, the Cramér-von
Mises test, and the
bootstrap.

The
Glivenko-
Cantelli
Theorem:
The
Starting
Point

Before diving into weak
convergence, it is
essential to understand
the uniform
consistency of the
empirical distribution
function. The
Glivenko-Cantelli
theorem states that ||F,
- F|. » 0 almost
surely. This is a strong
law of large numbers
for the empirical cdf,
but it says nothing
about the rate of
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convergence or the
limiting distribution of
the deviations.

The next natural
question is: how does
the scaled difference
vn(F, — F) behave?
This is precisely where
weak convergence
enters, leading us to
the Donsker theorem.

Donsker’s
Theorem:
The
~unctiona
Central
Limit
Theorem

Donsker’s theorem is
arguably the most
important result linking
weak convergence and

empirical processes. It
states that the
empirical process G,(t)
= Vn(F,(t) - F(t))
converges weakly in
the Skorokhod space
D[0,1] to a Brownian
bridge B(F(t)), a
Gaussian process with
mean zero and
covariance E[B(s)B(t)]
= min(s,t) — st.

This result provides a
complete asymptotic
description of the
fluctuations of the
empirical distribution.
It enables the
construction of
confidence bands for
the true distribution
function and the
derivation of
asymptotic

distributions for many
test statistics.

e Kolmogorov-S
mirnov test:
The statistic vn
IF, = FI.
converges to the



supremum of a
Brownian bridge,
a distribution
that is tabulated
and used for
goodness-of-fit
testing.

e Cramér-von
Mises test: The
integrated
squared
difference
converges to an
integral of the
Brownian bridge,
providing a
different class of
tests.

Donsker’s theorem is a
special case of a more
general theory: the
weak convergence of
empirical processes
indexed by classes of
functions. This
generalization requires
conditions on the
function class, such as
Vapnik-Chervonenkis

Key
Condition
s for
Weak
Converge
nce of
Empirical
Processes

Not every empirical

process converges
weakly. The key
conditions revolve

around the tightness
of the sequence and
the convergence of
finite-dimensional
distributions.

: 1. Finite-
(VC) propertles or dimensional
bracketing entropy. convergence:
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For any fixed
finite set of
functions f,, ...,
f,, the vector
(G,(f), ... Gi(f))
must converge in
distribution to a
multivariate
normal. This is
often ensured by
the classical CLT
for each fixed
function.

. Tightness: The
sequence of
processes must
be stochastically
equicontinuous.
In practical
terms, this
means that small
changes in the
indexing function
lead to small
changes in the
process,
uniformly over
the class.
Tightness can be
verified using
entropy
conditions or

bracketing
numbers.

When these conditions
hold, we say that the
empirical process is

Donsker (or P-
Donsker), meaning
that G, converges

weakly to a tight
Gaussian process in
the space of bounded
functions on F.

Applicatio
ns in
Modern
Statistics

The framework of weak
convergence and
empirical processes is
not merely theoretical;
it drives many
contemporary

statistical methods.



1. BOOTSTRAP
CONSISTENCY

The bootstrap, a
resampling technique,
relies on the
convergence of the
bootstrap empirical
process to the same
Gaussian limit as the
original sample.
Donsker’s theorem
ensures that bootstrap
confidence intervals
are asymptotically
valid for a wide range
of statistics.

2. NONPARAMETRIC
DENSITY
ESTIMATION

Kernel density
estimators and their
functionals are often
studied using empirical
process theory. The
weak convergence of
the empirical process
indexed by kernel
functions leads to
asymptotic normality
of the integrated

squared error.

3. SEMIPARAMETRIC
MODELS

In models where the
parameter of interest is
finite-dimensional but
the nuisance
parameter is infinite-
dimensional (e.g., Cox
proportional hazards
model), weak
convergence of the
empirical process is
used to derive the
asymptotic distribution
of M-estimators and
profile likelihoods.

4. HYPOTHESIS
TESTING AND
CONFIDENCE BANDS

Tests such as the
Anderson-Darling test,
the Shapiro-Wilk test
for normality, and
many others derive
their critical values
from the weak limit of
empirical processes.
Confidence bands for
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the entire distribution
function are
constructed using the

guantiles of the
Brownian bridge
supremum.

lllustrativ
e
Example:
Weak
Converge
nce of
the
Empirical
CDF

Suppose we sample n
= 100 observations
from a standard
uniform distribution on

[0,1]. The empirical
distribution function
F.(x) is a step function.
For a fixed x, F,(x) is
simply the proportion
of sample values = x.
The classical CLT tells
us that vn(F.(x) — x)
converges to a normal
distribution with mean
0 and variance x(1-x).
That is a pointwise
result.

But what about the
entire function?
Donsker’s theorem
tells us that the whole
stochastic process
vn(F,(-) - Id)
converges in
distribution to a
Brownian bridge. This
means we can make
simultaneous
statements about the
entire cdf—for
instance, that the
maximum deviation
over x has a known
asymptotic
distribution. This is far
more powerful than
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pointwise results.

Challenge
S and
Extension
S

While the theory is
elegant, real-world
applications often face
challenges:

e Dependent
data: For time
series or spatial
data, the
empirical process
may converge to
a different
Gaussian process
(e.g., a Brownian
motion replaced
by an
Ornstein-Uhlenb
eck process).

mixing
conditions, but
the covariance
structure
changes.

High-
dimensional
settings: When
the number of
functions in the
class is
extremely large
(e.g., in machine
learning), the
classical Donsker
conditions may
fail. Modern
empirical process
theory in high
dimensions uses
tools like
Rademacher
complexity and
concentration
inequalities.
Non-identically
distributed
data: For
independent but

Weak not identically
convergence still distributed
holds under observations,
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weak
convergence of
weighted
empirical
processes
requires careful
handling of the
weights and the
limiting
covariance.

The theory continues
to evolve, with recent
advances in weak
convergence for
empirical processes
indexed by unbounded
functions, for
functional data, and in
the context of deep
learning.

The Role
of the
Skorokho

11

d Space
and
Topology

When dealing with
empirical processes,
the sample paths are
discontinuous (step
functions). The
appropriate space is
D[0,1] or D[0,»), the
space of right-
continuous functions
with left limits. The
Skorokhod topology is
used to define weak
convergence because
it allows for small time
shifts of jumps, which
is natural when the
jumps are at random
sample points. In
contrast, the uniform
topology (supremum
norm) is too strong for
processes with jumps
unless the limit is
continuous, as in the
case of the Brownian



bridge. Understanding
these topologies is
crucial for a rigorous
treatment of weak

convergence in
empirical process
theory.

Conclusio
n

Weak convergence and
empirical processes
together form a
cornerstone of modern
asymptotic statistics.
From the
Glivenko-Cantelli
theorem to Donsker’s
theorem and beyond,
these concepts provide
the rigorous
mathematical

foundation for many
statistical methods that
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practitioners use daily.
The ability to describe
the limiting behavior of
sample-based
processes allows us to
construct valid
confidence intervals,
conduct hypothesis
tests, and develop new
methodologies with
known asymptotic
properties. Whether
you are analyzing a
simple one-sample
problem or a complex
semiparametric model,
the language of weak
convergence and
empirical processes is
indispensable. As data
grow in size and
complexity, mastering
these tools becomes
ever more critical for
making reliable, data-
driven decisions.

12

Weak Convergence And Empirical 2024-05-28

Processes



