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INTRODUCTION:
THE LEGACY OF
ARTHUR ENGEL

I n  t h e  w o r l d  o f
c o m p e t i t i v e
mathemat ics ,  few
names  carry  as  much
weight as Arthur Engel.
H is  seminal  work ,
Problem  Solving
St ra teg ies ,  h a s
guided  generations  of
students,  educators,
and Olympiad hopefuls
through  the  intricate
l a n d s c a p e  o f
mathematical  problem
solving.  Unlike  many

textbooks that focus on
memorizing  formulas
or  algorithms,  Engel's
approach  is  deeply
strategic.  He  teaches
readers  not  just  what
to  think,  but  how  to
think.  The  Problem
Solving  Strategies
By  Arthur  Engel
remain a gold standard
i n  m a t h e m a t i c a l
education  because
they  transform  raw
talent  into  disciplined,
analytical  skill.  This
article  explores  the
c o r e  s t r a t e g i e s
outl ined  in  Engel's
work,  explaining  their
application  and  why
they  are  essential  for
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anyone  serious  about
m a s t e r i n g
m a t h e m a t i c a l
challenges.

WHY PROBLEM
SOLVING
STRATEGIES BY
ARTHUR ENGEL
MATTER

Mathematics  is  often
reduced to a collection
o f  t h e o r e m s  a n d
procedures.  Yet  at  its
heart,  mathematics  is
a b o u t  s o l v i n g
p r o b l e m s .  E n g e l
r e c o g n i z e d  t h a t
s u c c e s s  i n
competitions  like  the
I n t e r n a t i o n a l
M a t h e m a t i c a l
O l y m p i a d  ( I M O )
requires  more  than
knowledge;  it  requires
strategy. The Problem
Solving  Strategies
By Arthur Engel  are
organized around a set
o f  f u n d a m e n t a l
principles  that  can be
applied across number

theory,  combinatorics,
geometry, and algebra.
By  internalizing  these
strategies,  students
learn  to  approach
unfamiliar  problems
with  confidence  and
clarity.  The  book  is
structured  around
specific  methods,  each
of  which  is  illustrated
with  carefully  chosen
e x a m p l e s .  T h i s
systematic approach is
what  makes  Engel's
work  so  effective.

THE INVARIANCE
PRINCIPLE

O n e  o f  t h e  m o s t
powerful  tools  in  any
p rob lem  so l ve r ' s
a r s e n a l  i s  t h e
invariance  principle.
This  strategy  involves
identifying  a  quantity
o r  p r o p e r t y  t h a t
remains  constant
throughout  a  process
or  transformation.
W h e n  a  p r o b l e m
involves  a  series  of
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steps  or  changes,
finding an invariant can
o f t e n  r e v e a l  t h e
solution.

Applying
the
Invarianc
e
Principle
Consider  a  problem
where  you  have  a
string of numbers and
you  replace  any  two
numbers by their sum
or  difference.  The  key
might be to look at the
parity  of  the  sum,  or
the sum modulo some
number,  and  observe
that it  never changes.
Engel's  treatment  of
the invariance principle
is masterful. He shows
how invariants can be
discovered and used to

prove  impossibility,
determine  outcomes,
or  simplify  complex
p r o c e s s e s .  F o r
example, if you have a
set  of  checkers  on  a
board  and  you  move
them  according  to
certain rules, the parity
o f  t h e  n u m b e r  o f
checkers  on  b lack
squares  might  remain
constant.  This  simple
observation  can  solve
p r o b l e m s  t h a t
o t h e r w i s e  s e e m
intractable.

Why This
Strategy
Works
T h e  i n v a r i a n c e
p r i n c i p l e  w o r k s
because  it  focuses
attention on what does
not change. In a sea of
change, the invariant is
a  fixed  point  that
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provides  structure.
Engel emphasizes that
finding  an  invariant
o f t e n  r e q u i r e s
creativity.  It  is  not
always  obvious  what
quantity  to  track.  But
with  pract ice,  the
problem  solver  learns
to  look  for  modulo
patterns, parity, totals,
or geometric properties
t h a t  r e m a i n
u n c h a n g e d .  T h e
Problem  Solving
Strategies By Arthur
E n g e l  d e d i c a t e
significant space to this
principle  because it  is
so widely applicable.

THE EXTREMAL
PRINCIPLE

The extremal principle
is another cornerstone
of  Engel's  approach.
The  idea  is  simple:
consider  the  extreme
case. If you are trying
to  prove  something
a b o u t  a  s e t  o r
configuration,  look  at

the  largest,  smallest,
closest,  or  farthest
element.  The  extreme
element  often  has
special  properties that
m a k e  t h e  p r o o f
manageable.

Using the
Extremal
Principle
in
Practice
Suppose  you  need  to
prove that in any set of
points  in  the  plane,
there is a pair of points
t h a t  a r e  c l o s e s t
together. The extremal
principle  suggests
considering the pair of
p o i n t s  w i t h  t h e
smallest distance. This
pair is special, and you
can  often  der ive  a
contradiction if another
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point  interferes.  Engel
s h o w s  h o w  t h e
extremal  principle
appears  in  geometry,
graph  theory,  and
combinatorics.  For
instance,  in  graph
theory,  the  vertex  of
maximum  degree  can
b e  u s e d  t o  p r o v e
bounds on the size of a
g raph .  I n  number
theory,  the  smallest
counterexample  is  a
c l a s s i c  e x t r e m a l
argument:  assume  a
counterexample exists,
then take the smallest
one ,  and  der ive  a
s m a l l e r
c o u n t e r e x a m p l e ,
l e a d i n g  t o  a
contradiction.

The
Beauty of

the
Extremal
Argument
W h a t  m a k e s  t h e
extremal  principle  so
elegant  is  its  logical
simplicity.  It  reduces
the  complexity  of  a
problem by focusing on
a  single,  well-chosen
e lement .  Enge l ' s
examples demonstrate
that  th is  s t rategy
works  across  diverse
domains. Whether you
a r e  d e a l i n g  w i t h
sequences,  sets,  or
geometric  figures,
t h i n k i n g  a b o u t
extremes often reveals
hidden  structure.  The
Problem  Solving
Strategies By Arthur
Engel  teach  students
to actively ask:  "What
is  the  most  extreme
c a s e  h e r e ? "  T h i s
question  becomes  a
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reflex  that  leads  to
breakthroughs.

THE PIGEONHOLE
PRINCIPLE

T h e  p i g e o n h o l e
principle is deceptively
simple: if you put more
pigeons into holes than
there  are  holes,  at
least  one  hole  must
contain more than one
pigeon.  Despite  its
simplicity, this principle
is remarkably powerful
i n  c o m b i n a t o r i a l
p r o b l e m s .  E n g e l
dedicates  an  entire
section to its  nuances
and applications.

Beyond
the
Basics
Most students learn the
pigeonhole  principle
e a r l y  i n  t h e i r
m a t h e m a t i c a l

education.  But  Engel
takes  it  further.  He
shows how to construct
the right "pigeons" and
" h o l e s "  t o  s o l v e
challenging  problems.
For  example ,  i n  a
p r o b l e m  a b o u t
sequences,  the  holes
might  be  remainders
modulo some number,
and the pigeons might
be  part ial  sums.  I f
there are more partial
sums than remainders,
two partial sums must
h a v e  t h e  s a m e
remainder, revealing a
subsequence  that
sums to  a  multiple  of
that number.

Creative
Applicatio
ns
Engel's  genius  lies  in
his ability to show the
principle  applied  in
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unexpected  ways.  In
g e o m e t r y ,  t h e
pigeonhole  principle
can prove that among
five  points  in  a  unit
square, two are within
a  certain  distance.  In
number  theory,  it  can
p r o v e  t h a t  e v e r y
integer has a multiple
consisting only of ones
a n d  z e r o s .  T h e
Problem  Solving
Strategies By Arthur
E n g e l  p r o v i d e  a
treasure trove of such
examples,  training the
reader  to  recognize
when  the  pigeonhole
principle  is  the  right
t o o l .  T h e  k e y  i s
creative  partitioning:
you must decide what
the  holes  represent
and  how  to  map  the
pigeons into them.

COMBINATORIAL
ARGUMENTS AND
COUNTING
STRATEGIES

Combinatorics  is  a

c e n t r a l  t h e m e  i n
Engel 's  book.  The
strategies here involve
counting in  two ways,
using  bijections,  and
applying  inclusion-
exclusion  principles.
These  techniques  are
essential  for  solving
problems  that  ask
"how many?"  or  "is  it
possible?"

Counting
in Two
Ways
O n e  o f  t h e  m o s t
elegant  combinatorial
strategies  is  to  count
the same object in two
different  ways.  By
equa t i ng  the  two
counts, you can derive
equations  or  bounds.
Engel  shows  how this
technique  is  used  in
graph  theory,  number
theory,  and geometry.
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For  instance,  counting
t h e  n u m b e r  o f
handshakes in a party
c a n  b e  d o n e  b y
summing  degrees  or
by  pair ing  people.
Equa t i ng  the  two
counts yields the well-
known  handshake
lemma.

Bijections
and
Invarianc
es
A bijection is a one-to-
one  correspondence
between  two  sets.
Engel  demonstrates
that  establishing  a
bijection can simplify a
p r o b l e m  b y
transforming it into an
equivalent  but  easier
one.  If  you  can  map
each element of set A
to a unique element of

set  B,  then |A|  = |B|.
T h i s  s t r a t e g y  i s
particularly  useful  in
problems  involving
partitions,  tilings,  or
c o m b i n a t o r i a l
i d e n t i t i e s .  T h e
Problem  Solving
Strategies By Arthur
Engel  emphasize  the
importance  of  finding
the  right  mapping.

NUMBER THEORY
STRATEGIES

Number theory is a rich
source  of  challenging
problems.  Engel 's
approach  focuses  on
modular  arithmetic,
divisibility,  and  the
properties  of  prime
numbers.  He  teaches
students to think about
residues,  to  use  the
Euclidean  algorithm,
a n d  t o  a p p l y  t h e
concept  of  order  in
modular  arithmetic.
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Modular
Arithmeti
c as a
Problem
Solving

Tool
Many  problems  that
seem  in t rac tab le
become  simple  when
v i e w e d  m o d u l o  a
ca re fu l l y  chosen
number.  Engel  shows
how  to  choose  the
modulus based on the
proper t i es  o f  the
numbers  involved.  For
example,  if  a problem
involves  squares,
working  modulo  4  or
modulo 8 often reveals
patterns.  If  it  involves
cubes, modulo 9 might
b e  u s e f u l .  T h e
Problem  Solving

Strategies By Arthur
E n g e l  p r o v i d e  a
systematic approach to
selecting  a  modulus
and  using  it  to  solve
diophantine  equations,
prove  impossibility,  or
find constraints.

Infinite
Descent
and
Induction
Fermat's  method  of
infinite  descent  is
another strategy Engel
covers in depth. This is
a form of contradiction
c o m b i n e d  w i t h
induction:  assume  a
solution  exists,  then
construct  a  smaller
solution,  leading  to  a
contradiction  after
infinitely  many  steps.
Engel  shows  how this
method  is  applied  in
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number  theory  and
beyond. Induction itself
i s  t r e a t e d  a s  a
fundamental  strategy,
with  careful  attention
to  the  base  case  and
the inductive step.

GEOMETRIC
STRATEGIES

Geometry  problems
o f t e n  r e q u i r e  a
different  kind  of
th ink ing .  Enge l ' s
strategies for geometry
inc lude  the  use  of
s y m m e t r y ,
transformation,  and
analytic  geometry.  He
also  emphasizes  the
importance of drawing
accurate  figures  and
considering  special
cases.

Transfor
mations

and
Symmetr
y
A p p l y i n g  a
transformation—such
a s  a  t r a n s l a t i o n ,
rotation,  reflection,  or
scaling—can simplify a
geometric  problem.
Engel  shows  how  to
c h o o s e  t h e
transformation  that
preserves the relevant
p r o p e r t i e s .  F o r
instance,  rotating  a
triangle  to  align  with
another  triangle  can
reveal  congruence  or
similarity. Symmetry is
a  powerful  tool:  if  a
configuration  is
symmetric,  you  can
o f ten  assume  the
problem  is  solved  by
considering only part of
i t .  T h e  P r o b l e m
Solving  Strategies
By  Arthur  Engel
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teach  readers  to  look
for  symmetry  and
exploit  it .

Coordinat
e
Geometry
and
Vector
Methods
Sometimes  the  best
w a y  t o  s o l v e  a
geometry problem is to
conver t  i t  in to  an
algebraic  one.  Engel
introduces  coordinate
geometry  and  vector
methods as strategies,
showing  how to  place
the  figure  in  a
coordinate  system  to
simplify  calculations.
T h i s  a p p r o a c h  i s
especially  useful  for

problems  involving
distances,  midpoints,
and  intersections.  By
combining  algebraic
manipulat ion  with
geometric  insight,  the
problem  solver  can
solve  problems  that
resist  purely  synthetic
methods.

GRAPH THEORY
AND
COMBINATORICS

Graph  theory  i s  a
relatively modern field,
b u t  i t  a p p e a r s
frequently in Olympiad
problems. Engel covers
the  basics  of  graph
t h e o r y — v e r t i c e s ,
edges,  degrees,  and
paths—and shows how
t o  a p p l y  t h e m  t o
c o m b i n a t o r i a l
problems.

Modeling
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Problems
with

Graphs
Many problems can be
modeled using graphs.
F o r  e x a m p l e ,  a
p r o b l e m  a b o u t
fr iendships  can  be
represented as a graph
where  vertices  are
peop le  and  edges
represent  friendships.
Engel shows how graph
m o d e l s  r e v e a l
structure  and  lead  to
s o l u t i o n s  u s i n g
handshake  lemmas,
connect iv i ty ,  and
m a t c h i n g .  T h e
Problem  Solving
Strategies By Arthur
E n g e l  i n c l u d e
numerous  examples
where  graph  theory
turns a vague problem
i n t o  a  p r e c i s e
mathematical question.

Coloring
and
Parity
Argument
s
Coloring  is  a  special
kind  of  combinatorial
a r g u m e n t  t h a t  i s
c lose ly  re lated  to
invariants.  By  coloring
the elements of  a set
in a particular way, you
can prove that certain
configurations  are
impossible. Engel uses
co lo r i ng  t o  so l ve
problems about tilings,
game  strategies,  and
network  flows.  The
parity  argument  is  a
s i m p l e  f o r m  o f
coloring: by looking at
b l a c k  a n d  w h i t e
s q u a r e s  o n  a
chessboard,  you  can
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prove  that  a  domino
tiling  is  impossible  if
the  number  of  black
squares  differs  from
white  squares.  These
strategies  are  both
elegant  and  effective.

INDUCTION AND
RECURSION

I n d u c t i o n  i s  a
c o r n e r s t o n e  o f
m a t h e m a t i c a l
reasoning. Engel treats
induction not just as a
proof technique but as
a  problem  solv ing
strategy.  He  shows
how to choose the right
induction  hypothesis,
how  to  reduce  the
problem  to  a  smaller
c a s e ,  a n d  h o w  t o
h a n d l e  s t r o n g
i n d u c t i o n  w h e n
necessary.

Recursive

Thinking
Recursion  is  closely
related  to  induction.
Engel teaches students
to think recursively: to
solve a problem of size
n,  assume  you  can
solve  it  for  smaller
sizes,  and  then  build
up  the  solution.  This
approach  appears  in
combinatorics,  number
theory,  and geometry.
Fo r  examp le ,  t he
T o w e r  o f  H a n o i
prob lem  is  so lved
recursively  by  moving
n-1  disks,  then  the
largest  disk,  then  the
n-1  disks  again.  The
Problem  Solving
Strategies By Arthur
Engel  emphasize  that
recursion is not just a
computational tool but
a  way  of  structuring
thought.
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Choosing
the
Induction

Step
The  key  to  successful
induction  is  choosing
t h e  r i g h t  s t e p .
Sometimes  you  need
to go from n to  n+1;
other times, you need
to go from n to 2n or
from  n  to  n-1.  Engel
provides  examples
where  the  induction
step  is  nontr iv ia l ,
requ i r ing  care fu l
analysis. He also warns

a g a i n s t  c o m m o n
p i t f a l l s ,  s u c h  a s
assuming the induction
hypothesis  for  a  case
that  is  not  actually
smaller.  The  careful
treatment of  induction
in Engel's book is one
reason  it  is  so  highly
regarded.

CONCLUSION

The Problem Solving
Strategies By Arthur
Engel are more than a
c o l l e c t i o n  o f
techn iques .  They
represent a philosophy
o f  m a t h e m a t i c a l
problem  solving  that
values  creat iv i ty ,
discipline,  and insight.
Engel's


